Interest has increased recently in the use of lighter-than-air craft for high altitude, long endurance surveillance and communication missions in both the military and private sectors. This implies a need for further analysis of the vehicles dynamic behavior. Airship dynamics are distinct from those of heavier-than-air craft due to the fact that the mass of the airship is on the same order of magnitude as the displaced air. Thus, certain unsteady aerodynamic effects, usually ignored in heavier-than-air craft, become significant. These unsteady effects, referred to as added mass and inertia, produce noticeable differences in dynamic behavior. In this paper the mathematical formulation of the airship dynamics is reviewed. Fundamental parameters that characterize static stability are derived. An analytical literal approximate factor approach is utilized to determine a yaw stability criterion. It is also shown that an alternative approach, which decouples the roll and yaw dynamics in the linear lateral equations of motion produces an identical yaw stability criterion. These intrinsic stability parameters for airship vehicles are shown to be fundamentally different than those obtained for traditional heavier-than-air vehicles.
I. Introduction
There is currently considerable interest in High Altitude Platforms (HAP), either aircraft or Stratospheric Airships (SA), operating in the lower stratosphere, for both military and commercial applications. Most of the commercial ventures involve communications systems with minimal terrestrial infrastructure. Thus the International Telecommunication Union (ITU) has recently licensed several frequency bands (2 GHz and 48 GHz) for HAP-based communications. Military applications include not only communication but also persistent Intelligence, Surveillance and Reconnaissance (ISR) applications. HAPs promise many of the capabilities of space satellites, but at much lower cost and much easier recovery for maintenance. Operated above 65,000 feet, HAP are far above commercial air traffic.
As HAP, SA are considered to have several advantages over aircraft including the potential to remain fixed over a spot on earth (aircraft must approximate this capability by orbiting the nominal station) and heavier payload capacity. This has led to a long history of SA development beginning with a study by General Mills Inc. in the late 1950's followed by the High Platform I which failed due to lack of controllability. In May 1970, Raven Industries made a successful flight of the High Platform II, the first solar powered, auto-piloted, high altitude station-keeping airship. These were followed by the High Platform III, HAKSV, POBAL-S, HASPA and HISPOT programs.
In spite of this long development and current military and commercial programs, practical operational SA remain a challenging prospect. Many of the challenges arise principally from autonomous operation over long periods at high altitudes. However, other challenges arise simply from the fact the SA is an airship, which has unique dynamic characteristics that distinguish it from aircraft. This paper will address some of the distinctive characteristics of the dynamics of all airships. Specifically, the lateral stability of airships will be addressed and how the lateral stability criterion differs from heavier-than-air craft. First, however, the fundamental distinctions will be reviewed between the conventional formulation of the airship equations of motion and those of heavier-than-air craft.
II. Considerations in Airship Equations of Motion
The conventional formulation of the equations of motion of an airship has distinct differences from that for a heavier-than-air craft. This arises from the fact that the density of the airship is of necessity comparable to the ambient air whereas the density of powered aircraft is much higher (by several orders of magnitude) justifying the phrase "heavier-than-air." In this regard the airship is similar to a submarine and in fact the hydrodynamics literature for submersible marine vehicles is routinely applied to airship dynamics by accounting for the difference in density of the fluid environment. In the conventional formulation of their equations of motion, 1 aircraft are fundamentally treated as rigid bodies to which external forces, including aerodynamic forces and moments, are applied. Notably the process of formulating the aircraft aerodynamic forces and moments is basically uncoupled from formulating the rigid body equations. This is not the case in the conventional formulation of the equations of motion of airships.
Airships and submarines are designed to achieve a vehicle density comparable to the ambient air or water such that the upward buoyancy force nearly equals the vehicle weight (including internal fluids). Thus, these vehicles are the closest approximation to "antigravity machines" available, which is the source of their appeal for applications like the SA. For the airship, this design strategy creates another distinction with heavier than-air-craft. Namely, certain aerodynamic forces and moments, specifically "added mass" and "added inertia," which are negligible for heavier-than-air craft, become important. This follows because the real mass of a "lighter-than-air" vehicle is relatively low compared to that of a "heavier-than-air" vehicle. These "added mass" and "added inertia" terms, discussed further below, take the form of aerodynamic stability derivatives taken with respect to accelerations (e.g. w M ). These forces and moments have been traditionally estimated from ideal fluid aerodynamics under the assumption of acyclic (zero circulation) flow. Lamb, an early pioneer in the field of hydrodynamics, has shown that potential flow can be used to derive analytical solutions to these forces for a prolate spheroid. 2 A prolate spheroid is a reasonable approximation of the shape of an airship hull. The difficulty with ideal fluid approximations is that while many of the aerodynamic forces are reasonably well estimated, others are missed entirely. Most specifically steady state lift and drag are incorrectly determined to be zero according to the long-recognized D'Alembert paradox. This follows because the viscous effects leading to boundary layer separation and circulation are not intrinsically accounted for in ideal-fluid aerodynamics. For special cases, most notably airfoils and wings, vorticity can, of course, be added to ideal-fluid flows and quite accurate estimates of lift and induced drag of wings can be obtained by applying the Kutta-Joukowski condition and lifting line/lifting surface theory.
For example, this provides a basis for estimating the effects of airship fins. However, estimating the effects of flow separation over the large bluff body of the airship hull, or an aircraft fuselage, is a challenge because there is no salient edge on the hull to provide a basis for applying the Kutta-Joukowski condition. For airship hulls of reasonably high fineness ratio, slender body theory provides reasonable accuracy. In principle, computational fluid dynamics (CFD) can provide a complete and presumably accurate description of airship aerodynamic forces. However, with regard to formulation and conceptualization of the problem and physical insight, the classical formulation to be considered here has great value.
A. Kirchhoff's Non-linear Equations of Motion
The traditional formulation of the equations of motion for airships and marine submersibles follows the 19 th century development of the dynamics of a single rigid body in an infinite ideal fluid due to Kirchhoff, Thomson 3 and others. The ideal fluid is incompressible, inviscid, and irrotational. Thus the velocity can be expressed as the gradient of a velocity potential. The continuity equation (conservation of mass) implies that the divergence of velocity, the Laplacian of the velocity potential, is zero. Thus the problem reduces to a potential flow problem in which a second order partial differential equation, Laplace's equation, is to be solved satisfying a "no flow" boundary condition normal to the surface of the solid.
A key element of the formulation, which distinguishes it from that for a heavier-than-air craft, is that the fluid and the solid are considered as a single dynamic system. This eliminates the need to calculate the pressures on the solid surface. The formulation begins by defining the kinetic energy of the system consisting of the fluid (T f ) and the solid (T s ). The derivative of the scalar kinetic energy with respect to the translational and angular velocity vectors gives the translational and rotational impulse vectors respectively. One of the distinctive features of potential flow is that application of the translational and rotational impulses can instantaneously impart arbitrary translational and angular momentum to the solid-fluid system. That is, an impulse "wrench" (the combination of a given translational and rotational impulse) is equal to the corresponding momentum wrench. Thus the impulse wrench can be differentiated with respect to time and set equal to the corresponding force and moment wrench according to Newton's second law. When this is formulated with respect to a moving coordinate system fixed in the body with origin at point o (hull reference point) it leads to Kirchhoff's equations of motion 3 expressed in a coordinateindependent tensor form (Eqs. (1) and (2)).
Here the subscript s and f denote the solid (vehicle) and fluid (air) respectively and the superscript B denotes differentiation with respect to the body frame. F and L are the external force and moment respectively consisting of the vector summations of gravity, buoyancy, propulsion and additional (non-ideal) aerodynamic forces arising from viscous effects. V o is the velocity of the solid body at the hull reference point and ω is the angular velocity. The terms involving cross products arise from the formulation in a moving coordinate system. These equations have some similarity to Lagrange's equations in that they involve derivatives of the kinetic energy (T s and T f ).
In Kirkhhoff's equations (Eqs. (1) and (2)), the unsteady aerodynamic terms on the right hand side that involve time derivatives of fluid kinetic energy partials (momenta), give rise to the "added mass" and "added moment of inertia" tensors respectively. Because these unsteady aerodynamic terms are proportional to the body acceleration with respect to the fluid, it is traditional to combine them with the inertial reactions of the solid body (the tensors involving time derivatives of partials of the body's kinetic energy). The combined coefficients of acceleration are referred to as the "apparent mass" and "apparent moment of inertia" tensors. The vehicle dynamicist familiar with the formulation of aircraft equations of motion may find this explicit integration of ideal fluid aerodynamics into the formulation of the airship equations of motion unusual. Other aerodynamic terms such as the last term in Eq. (2) are potential flow representations of steady aerodynamics. As noted above, the steady aerodynamic forces which result from viscous effects do not appear in Kirchhoff's equations and have to be added into the external F and L terms using wind tunnel data or other sources. However, Kirchhoff's equations are valuable in that they provide a rational formulation of the apparent mass tensor and experience has shown that these unsteady potential flow approximations are generally quite accurate. Finally it should be noted that the hull reference point is generally placed near the centroid of the hull volume and not at the center of gravity. This complicates the rigid body dynamics but generally simplifies the formulation of the apparent mass tensor. This is a valuable tradeoff that is again distinct from aircraft practice.
B. Linearized Equations of Motion and the Separation of Longitudinal and Lateral Dynamics
The equations (Eqs. (1) and (2)) are nonlinear and can be linearized. Here, a very basic reference conditionstraight, level flight at zero angle of attack and zero sideslip with constant initial translational velocity and zero angular velocity, will be assumed.
The scalar equations of motion exhibit coupling of lateral-directional motion into the longitudinal equations and coupling of longitudinal motion into the lateral-directional equations. A lateral offset of the center of mass leads to the first coupling case, but it is to be expected that this offset will be negligible (consistent with the symmetry of the airship). The remaining coupling terms involve the aerodynamic cross-coupling derivatives, which are often assumed to be zero valued. With these assumptions (i.e. lateral offsets and aerodynamic cross coupling equal to zero) the linear equations of motion can be decoupled into two sets representing the longitudinal and lateral dynamics. This de-coupling is analogous to what is traditionally done with heavier-than-air craft.
Upon linearization and uncoupling the longitudinal and lateral dynamics, the equations of motion take on the form in Eq. (3) with x being the state vector, u being the input vector, M being the mass matrix, A being the state matrix and B being the input effectiveness matrix.
Mx = Ax + Bu
There will be two separate sets of uncoupled equations of motion in the above form; one set for the longitudinal dynamics and one set for the lateral dynamics. This form is consistent with that of traditional heavier-than-air craft. The difference between these equations and those derived for a traditional heavier-than-air craft are the presence of the added mass terms. These added mass terms manifest themselves in both the mass matrix, M and the state matrix, A.
III. Lateral Stability Criterion for an Airship
The differences that arise from dynamics that include the added mass and inertia terms have profound effects on classical stability criteria. One important criterion is the requirement for static stability, which define requirements on the pitching moment slope (M α ) and yawing moment slope (N β ). The static stability criteria for heavier-than-air craft are that the pitching moment slope must be negative and the yawing moment slope must be positive (Eq. (4)). For lighter-than-air craft this criteria differs. A lateral static stability metric (requirement on N β ) for a typical airship vehicle will now be developed.
,
The above equation is valid if the moment in question is taken with respect to the center of gravity (c.g.). The c.g. of most conventional airships is below the airship hull center of volume. Due to this, the pitching moment slope taken with respect to the c.g. is in most cases negative due to a restoring buoyancy force, guaranteeing stability. The yawing moment slope with respect to the c.g., however, may be negative valued, violating the stability condition stated above. It will be shown that while the condition stated in Eq. (4) will guarantee static stability, it is not necessary. There can be cases where the yawing moment slope is negative and the vehicle is still statically stable. This fact is due to the unsteady effects (i.e. added mass) represented in the dynamic state matrix.
An approximate expression has been derived that is a necessary and sufficient condition for lateral stability. This expression was derived using a literal approximate factor approach, starting with the full lateral equations of motion. Literal approximate factors are symbolic (as distinct from numerical) approximations of the poles and zeros of transfer functions. Extensive sets of approximate factors and their validity conditions for conventional aircraft are given in Ref. 1 . Literal approximate factors are only usually practical to develop for relatively low order systems like rigid vehicles. But when available they provide an explicit connection between the dynamics and the system parameters for an entire class of vehicles. By way of contrast, the commonly used numerical factors apply only to a specific vehicle in a specific operating condition. The formulation of literal approximate factors is somewhat artful in that numerical evaluations are routinely used to identify negligible terms, but the final results are symbolic forms of significant generality.
An alternative approach to determine this lateral stability criterion, which separates the yaw and roll dynamics in the linear equations of motion initially, has been carried out and is available in Ref. 4 . This more classical independent approach produces identical results.
A. Linear Lateral Dynamics of an Airship
The linear lateral dynamics of the airship can be described in state space form as in Eq. (3). The lateral state vector is defined as:
For brevity, the derivation of the linearized equations of motion from Eqs. (1) and (2) will not be carried out here. The resulting linearized lateral equations of motion are stated below. 
The poles of the system are found utilizing the equation below. The matrix, M, in this case is not diagonal due to the fact that the equations of motion are not, as noted above, derived about the center of mass. Unsteady aerodynamic effects and products of inertia (I xz ) also produce terms that are not on the diagonal.
Although the above equation may appear to be simple, obtaining the determinant of a 5×5 matrix and factoring the polynomial is not a trivial task to be carried out symbolically. In fact, the Abel-Ruffini theorem 5 states that polynomials of degree five and higher cannot be factored explicitly in general.
B. Characteristic Polynomial Approximations
The determinant of Eq. (13) will result in a polynomial of degree 5. This can be represented in general by the following:
( ) 
The above is the product of a degree 1 polynomial and a degree 4 polynomial. The coefficients (c 1 , c 2 , etc.) of the varying powers of s will be functions of the elements of the matrices M and A. Based on the dynamics of a typical airship system and the relative magnitudes of the various terms, the nature of this polynomial is such that the roots will take the following form: 
(15) ‡ The underscore ",visc" denotes that this term involves only the contributions to the stability derivative from viscous effects. Non-viscous effects, which come from the added mass terms resulting from potential flow solutions, have been separated out.
Solutions to the roots of this equation can be estimated with knowledge of the relative magnitudes of the polynomial coefficients (c 5 , c 4 , c 3 , etc.). For example, the original polynomial can be approximated by the following, factoring out one estimated root.
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This approximation is valid as long as the following three approximations in Eq. (17) hold. Only the latter of Eq. (17) is validated. By the nature of an approximation, the goal is to simplify and obtain a value that is not exact, but reasonably representative. By keeping the algorithm simple (i.e. only checking one of the inequalities) the simplicity is retained. Also, by only validating the latter root, the method remains the same as the order of the system grows. Expanding on the simplicity defeats the purpose of determining the approximate factor to begin with. In the case that the roots of Eq. (14) are far apart, this method should produce sufficient results. Cases that involve roots that are close together make determining approximate factors difficult in general.
In the case of the roots being too close together, the above approximation (bottom of Eq. (17)) will not hold. In this case a similar factoring can be done, factoring out a 2 nd order root approximation. Again, if the validity of the 2 nd order factoring does not hold, this can be followed by factoring out a 3 rd order approximation and so on. This process can be followed with any order polynomial to obtain an approximate factored solution to the original polynomial. The solution is, in most cases, only composed of first and second order polynomials. Utilizing values for a typical stratospheric airship, the factored approximation of the roots of Eq. (15) are shown below in Eq. (18). 
C. Stability Criterion
Specifically focusing on the second equation in the second row of Eq. (18), the following statement can be made about this real root to ensure stability (assuming the remaining roots are in the left half plane):
When values for a typical airship are used, the root described above is the closest to the right half plane and is affected by N v , making it the critical root for stability when the yaw moment slope is considered. If the coefficients c 1 and c 2 are known, a literal expression can be solved analytically for the root: 1/T 2 . The coefficients c 1 and c 2 will be sums of products of terms that compose the M and A matrices. Solving the determinant in Eq. (13) analytically will produce the expressions for the coefficients c 1 and c 2 .
The expressions for c 1 and c 2 are quite extensive and contain many terms. A large number of these terms can be eliminated by taking order of magnitude approximations. The resulting approximations after the elimination of terms that are not on the same order of magnitude as the largest term produces the following expressions for c 1 and c 2 . § § Note that from now on in the formulation the underscore ",visc" has been removed for simplicity. Unless otherwise stated, all derivatives are the viscous only counterparts.
Observing the relative magnitudes of the terms in Eq. (21) above it was noted that,
Therefore Eq. (21) can be reduced further by eliminating all terms multiplied by L p V 0 .
The expression to estimate 1/T 2 can then be stated (Eq. (24)).
This expression will be greater than zero for two cases involving the numerator and the denominator:
The denominator is expressed below.
The signs of the terms are displayed below the above equation. The first four signs will always be true. The first term, Y v , is the side force slope with respect to β and this will always be negative. The second term, ( )
the z-axis added inertia (from unsteady potential) minus the z-axis mass moment of inertia. The z-axis added inertia will always be negative and the z-axis mass moment of inertia will always be positive. The third term, N r , is the yaw damping and will always be negative. The fourth term, ( ) v Y ρυ − , is the added mass in the body y-direction (from unsteady potential) minus the displaced air mass of the airship hull. The added mass in the body y-direction will always be negative and the displaced air mass will always be positive. The latter two term signs will be true in virtually all cases. The fifth term, Y r , is the side force due to a yaw rate (viscous portion only). It has been shown that this term is usually negative. 6 This term can be positive however and it will be assumed positive here for conservatism. The final term, r Y , is the side force due to an accelerating yaw rate and is determined from the unsteady potential. The effect from the hull alone will most likely be zero or negative but the fins will most likely dominate this effect to produce a total positive term. Based on the above statements, the denominator will be positive if the following is true.
For the typical airship parameter values used, this expression is clearly valid. The left hand side is orders of magnitude higher than the right hand side so it is assumed that this is true for all conventional airship shapes. Based on this, the denominator (DEN) will be positive and the numerator (NUM) need only to be considered for the stability criterion.
It is desired to obtain an expression for the value of N v , the yaw moment slope with respect to β. In conventional aircraft, this expression is simply that stated in Eq. (4) . Utilizing NUM in Eq. (24) above and solving for N v produces the following.
This expression is valid for the viscous effect of N v only. The expression for the total yaw moment slope, including the unsteady (added mass) portion and the viscous portion is shown in Eq. (29).
The stability criterion based on this parameter is then defined in Eq. (30).
In most cases the expression on the right hand side will be negative. This means that in order for stability to be guaranteed, the yawing moment slope with respect to β can be negative valued (aerodynamically unstable for heavier-than-air craft) and still produce poles in the left half plane. As long as it isn't "too" negative, stability is achieved. The critical yawing moment slope is therefore:
If the yawing moment slope is less than this critical value the dynamics cease to be stable. In Eq. (31) above the coefficients N r and Y r are defined as the viscous only counterparts. Substituting for the total coefficients obtains the following.
( )
Conveniently, this has been reduced to a fairly simple expression for the critical yawing moment slope. Utilizing the same values for a typical airship with Eq. (32) as the yawing moment slope and solving for the system poles (Eq. (13)) a pole lies exactly on the imaginary axis providing some validity of this criterion.
An independent analysis has been performed previously to obtain an approximate stability metric related to the yawing moment slope. 4 
The method utilized to obtain this expression differs from the approach taken herein. This method involved removing the roll dynamics from the equations and reducing the system from 5 th to 2 nd order. This independent analysis provides very good verification of the validity of this approximate factor.
As it turns out, N v,TOT,crit in Eq. (32) is exactly linear in relation to the trim forward velocity, V 0 . Although it does not appear linear by the above equation, this is true due to the fact that the viscous contributions of Y v , N r and Y r are also linear functions of V 0 as well (in Eq. (31) the quantities N r /V 0 and Y r /V 0 are constant for all positive V 0 ).
IV. Conclusions and Discussion
There is current interest in Stratospheric Airships (SA) as a High Altitude Platform (HAP) capable of autonomous long duration missions for both military and commercial applications. SA as a HAP can accomplish many of the same objectives as space satellites at a much lower cost and are easier to maintain. There is a long history of development and study of airships leading back to before the turn of the twentieth century. Although the buoyant vehicle has been the subject of strong analytical scrutiny there is still a need for further study due to the current interest in SA as a useful platform.
The formulation of the equations of motion of an airship vehicle is distinct from that of heavier-than-air craft due to unique aerodynamic characteristics that lighter-than-air vehicles exhibit. Since the weight of the buoyant vehicle is comparable to the displaced ambient air mass certain unsteady aerodynamic effects (referred to as "added mass and "added inertia"), which are negligible for heavier-than-air craft, become significant. The presence of these effects leads the formulation of the equations of motion to include the ambient air mass with the rigid body as a single system. This unusual formulation is not traditionally done for conventional heavier-than-air vehicles where the ambient air mass is not included in the formulation of the rigid body equations of motion.
As a consequence of these "added mass" and "added inertia" effects the traditional requirements for static and dynamic stability differ from that of heavier-than-air craft. Of particular interest is the requirement for lateral static stability. For traditional heavier-than-air craft this requirement states that the yaw moment slope with respect to sideslip angle must be greater than zero so that a restoring moment is present to bring the vehicle back to equilibrium following a disturbance. For lighter-than-air vehicles, this requirement on the yaw moment slope differs due to the unsteady effects of added mass and inertia. A negative yaw moment slope with respect to the sideslip angle will, in some cases, result in a statically stable system.
A general analytical expression has been developed to express the requirement of the yaw moment slope for stability for an entire class of airship vehicles. Starting from the linearized lateral dynamic equations of motion, a literal approximate factor approach was utilized to derive this expression. A separate approach, which separates the roll and yaw dynamics to determine the equivalent expression concerning the lateral stability has been carried out. 4 This method is completely valid but it requires more insight into the system of interest to justify separating the lateral dynamic equations of motion into two separate systems. The literal approximate factor approach, described herein, has benefits in the fact that it is entirely general whereas only relative magnitudes of various terms are utilized to determine a literal expression concerning the stability of the proposed dynamic system. Verification of this approach is justified by the fact that the resulting stability criterion is identical to that obtained independently with the other approach. Any other stability criteria can be determined using this literal approximate factor approach in exactly the same way as described in this work.
